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Abstract

Consider two different solutions of a first-order differential equation.
Under rather general conditions we know that these two functions are sep-
arated from each other, i.e. their graphs never meet over even cross each
other. We ask whether such a result is true for Caputo-type fractional dif-
ferential equations as well. We can give a partial answer that is positive in
some situations and negative under different assumptions. For the remain-
ing cases we state a conjecture and explain why we believe in it. A key
ingredient of the analysis is a result concerning the existence of zeros of the
solutions of a certain class of Volterra equations.
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1. Introduction and formulation of the problem

One of the most fundamental and best known results in the theory of
classical ordinary differential equations deals with the question whether the
graphs of two different solutions of the same differential equation can meet
or even cross each other. Under quite natural assumptions, the answer is
negative, i.e. the graphs are strictly separated from each other. A mathe-
matically precise formulation reads as follows (see, e.g., [3, Thm. 3.1]):
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Theorem 1.1. Let f : [a, b] × [c, d] → R be continuous and satisfy
a Lipschitz condition with respect to the second variable. Consider two
solutions y1 and y2 of the differential equation

y′j(x) = f(x, yj(x)) (j = 1, 2) (1)

subject to the initial conditions yj(xj0) = yj0 ∈ (c, d), respectively. Then
the functions y1 and y2 coincide either everywhere or nowhere.

P r o o f. The proof is very simple: Assume that y1 and y2 coincide
at some point x∗, i.e. y1(x∗) = y2(x∗) =: y∗, say. Then, both functions
solve the initial value problem y′j(x) = f(x, yj(x)), yj(x∗) = y∗. Since the
assumptions assert that this problem has a unique solution, y1 and y2 must
be identical, i.e. they coincide everywhere.

The graphs of two different solutions of eq. (1) thus never meet or cross
each other. This result can be seen as the basis of graphical methods for
solving first-order differential equations in the sense that it allows to plot
the graph of a solution on the basis of a direction field as indicated in the
example y′(x) = x− y(x) in Figure 1. If the graphs of two solutions would
meet then the direction field would not give any useful information.
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Figure 1: Direction field for y′(x) = x− y(x) and two solutions.
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We specifically draw the reader’s attention to the fact that in Theorem
1.1 it does not matter whether the values x1 and x2, i.e. the abscissas where
the initial conditions are specified, coincide with each other or not.

We now try to generalize this result to the fractional setting, i.e. to
differential equations of the form

Dα
∗ay(x) = f(x, y(x)), (2)

where Dα∗a denotes the Caputo differential operator of order α /∈ N (see [2]),
defined by

Dα
∗ay(x) := Dα

a (y − T [y])(x),
where T [y] is the Taylor polynomial of degree bαc for y, centered at a,
and Dα

a is the Riemann-Liouville derivative of order α [6]. The latter is
defined by Dα := DdαeJdαe−α

a , with Jβ
a being the Riemann-Liouville integral

operator,

Jβ
a y(x) :=

1
Γ(β)

∫ x

a
(x− t)β−1y(t)dt.

When attempting this generalization, one first notices that the proof of
Theorem 1.1 strongly depends on the locality of the differential operator of
order 1. Such a property is not available in the fractional case, and hence
the proof cannot be carried over directly. Moreover, as a consequence of this
non-locality, we find that now it does matter whether the abscissas of the
initial conditions coincide or not. Indeed the following example shows that
we cannot expect a result comparable to Theorem 1.1 to hold if x1 6= x2:

Example 1.1. Let 0 < α < 1 and consider the fractional differential
equations

Dα
∗0y1(x) = Γ(α + 1), y1(0) = 0,

and
Dα
∗1y2(x) = Γ(α + 1), y2(1) = 1.

We have here two differential equations with identical right-hand sides
but initial conditions specified at different points. The solutions are easily
seen to be y1(x) = xα and y2(x) = 1+(x−1)α. It is obvious that these two
functions coincide at x = 1 but nowhere else.

Theorem 1.1 deals with differential equations of order 1, i.e. with equa-
tions subject to exactly one initial condition. It is well known that a similar
statement does not hold for equations of higher order (for example, the equa-
tion y′′(x) = −y(x) has solutions y(x) = cosx, y(x) = sinx and y(x) = 0
the first two of which oscillate and the graphs of which cross each other).
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Similar effects arise in the context of fractional differential equations with
more than one initial condition (i.e. equations of order α > 1); see [5].
Therefore all we can hope for is summarized in the following conjecture.

Conjecture 1.2. Let 0 < α < 1 and assume f : [0, b] × [c, d] → R to
be continuous and satisfy a Lipschitz condition with respect to the second
variable. Consider two solutions y1 and y2 of the differential equation

Dα
∗0yj(x) = f(x, yj(x)) (j = 1, 2) (3)

subject to the initial conditions yj(0) = yj0, respectively, where y10 6= y20.
Then, for all x where both y1(x) and y2(x) exist, we have y1(x) 6= y2(x).

We have calculated solutions for a number of special cases and the re-
sults made us believe that the conjecture is true even though at present we
are not aware of a proof under these general conditions. However we can
prove the conjecture at least for a restricted range of α under certain addi-
tional conditions; see Section 2 below. To this end we provide an equivalent
formulation that may be easier to handle.

Conjecture 1.3. Let 0 < α < 1 and assume g : [0, b] × [y∗ −K, y∗ +
K] → R to be continuous and satisfy a Lipschitz condition with respect
to the second variable. Moreover, let g(x, 0) = 0 for all x ∈ [a, b], and let
y∗ 6= 0. Then, the solution y of the Volterra equation

y(x) = y∗ +
1

Γ(α)

∫ x

0
(x− t)α−1g(t, y(t))dt (4)

satisfies y(x) 6= 0 for all x.

It is an immediate consequence of Theorem 1.1 that this conjecture is
true for α = 1. Moreover, we shall see in Theorem 2.1 below that it also
holds for α very close to zero under mild additional conditions on the given
function g. Furthermore we know that the conjecture is true for all α ∈ (0, 1)
in the case of a linear equation with constant coefficients, i.e. if g(x, y) = cy
with some constant c [5, §4]. These facts support our belief in the truth of
this conjecture for all α ∈ (0, 1). If α > 1 however then we must not expect
such a result to hold. This follows from the counterexample g(x, y) = −y
that is discussed extensively in [5].

The relation between these two conjectures is simple:

Theorem 1.4. Conjecture 1.2 holds if and only if Conjecture 1.3 holds.
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P r o o f. In this proof we follow the lines of [3, p. 89]. We first show
that Conjecture 1.2 implies Conjecture 1.3. To this end we recall that eq.
(4) is equivalent to the fractional initial value problem

Dα
∗0y(x) = g(x, y(x)), y(0) = y∗ 6= 0;

see, e.g., [4, Lemma 2.1]. Our assumption that g(x, 0) = 0 for all x implies
that the function z(x) = 0 solves the initial value problem

Dα
∗0z(x) = g(x, z(x)), z(0) = 0.

Thus, if Conjecture 1.2 is true we may conclude that y(x) 6= z(x) = 0 for
all x. Conjecture 1.3 is therefore true as well.

For the other direction, let y1 and y2 be the solutions of the initial value
problems mentioned in Conjecture 1.2, and define

g(x, z) := f(x, z + y1(x))− f(x, y1(x)).

Moreover we set y(x) := y2(x) − y1(x) and y∗ := y20 − y10 6= 0. Now we
rewrite the two initial value problems from Conjecture 1.2 in their corre-
sponding Volterra forms, viz.

yj(x) = yj0 +
1

Γ(α)

∫ x

0
(x− t)α−1f(t, yj(t))dt (j = 1, 2).

Subtracting these two equations, we find

y(x) = y2(x)− y1(x)

= y20 − y10 +
1

Γ(α)

∫ x

0
(x− t)α−1[f(t, y2(t))− f(t, y1(t))]dt

= y∗ +
1

Γ(α)

∫ x

0
(x− t)α−1g(t, y2(t)− y1(t))dt

= y∗ +
1

Γ(α)

∫ x

0
(x− t)α−1g(t, y(t))dt.

Thus, y solves the Volterra equation (4). Since g(x, 0) = f(x, y1(x)) −
f(x, y1(x)) = 0 for all x, we may now apply Conjecture 1.3 to conclude that
0 6= y(x) = y2(x)− y1(x) for all x.

2. Partial solutions to the problems

We can actually prove the following weaker version of Conjecture 1.3.
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Theorem 2.1. Consider the solution y of the Volterra equation

y(x) = y∗ +
1

Γ(α)

∫ x

0
(x− t)α−1g(t, y(t))dt (5)

subject to the following conditions:

(a) g : [0, b] × [y∗ − K, y∗ + K] → R is continuous and satisfies a Lip-
schitz condition with Lipschitz constant L with respect to the second
variable.

(b) y∗ 6= 0.

(c) g(x, 0) = 0 for all x ∈ [0, b].

(d) There exist two constants c1, c2 > 0 such that c1 +c2 < 1 and c2|y∗| ≥
LΩ where Ω is a positive constant that satisfies ω(y; h) ≤ Ωhα for all
h, with ω(y; ·) denoting the modulus of continuity of y.

Then, y(x) 6= 0 for all x for which the solution exists if 0 < α < α0 with
some constant α0.

The same statement holds if condition (d) is replaced by

(e) g ∈ C1([0, b]× [y∗ −K, y∗ + K]).

Remark 2.1. Before coming to the proof, let us comment on the
constant Ω whose existence is required in condition (d). For a fixed α we
know from [4, Theorem 2.2] that the solution y of eq. (5) is continuous.
Then, the function z with z(x) := g(x, y(x)) is continuous too. By eq. (5),
y(x) = y∗+Jα

0 z(x), and the right-hand side of this equation is in the Hölder
space Hα because of [6, Theorem 3.1]. By definition of this Hölder space we
obtain the existence of the required value Ω. However, this value depends
on the solution y and thus indirectly on α. It is not clear a priori how Ω
behaves as α varies. Our theorem requires an Ω satisfying condition (d) for
all α ∈ (0, α0). Thus what we actually need is that Ω remains bounded as
α → 0. Whether or not this holds depends on the given function g.

Remark 2.2. Another remark is in order with respect to condition
(e). If only conditions (a), (b), and (c) were satisfied then one might be
tempted to approximate the given function g by the elements of a sequence
(gn) with the properties that (i) gn ∈ C1([0, b]× [y∗ −K, y∗ + K]), and (ii)
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limn→∞ ‖g − gn‖∞ = 0. It is well known that such a sequence exists and
that the solutions yn of the equations

yn(x) = y∗ +
1

Γ(α)

∫ x

0
(x− t)α−1gn(t, yn(t))dt

satisfy yn → y uniformly [4, Theorem 3.4]. Moreover, for each n we may
apply Theorem 2.1. This gives us an α0 for each n. We may then say
that the solution y of the originally given equation does not have a zero
whenever 0 < α < limn→∞ α0. Of course, this information is useful only if
limn→∞ α0 > 0. Whether or not this holds once again depends on g and
probably also on the sequence (gn).

P r o o f. Let us assume that y(x∗) = 0 for some x∗ > 0. We first prove
the claim under assumptions (a)–(d). To this end we define the quantities

M1(α) :=
(

x∗‖g‖∞
c1|y∗|Γ(α)

)1/(1−α)

and M2(α) :=
(

c2|y∗|Γ(α + 1)
ΩL

)1/(2α)

and note that, under our conditions,

M1(α) = O(α) → 0 and M2(α) →∞ as α → 0.

Thus we may find some α0 > 0 such that M1(α) ≤ M2(α) for all α ∈ (0, α0).
Let us now choose an arbitrary α is in this range and let ε∗ ∈ [M1(α),M2(α)]
and ε := min{x∗, ε∗}. Then, we rewrite the Volterra equation (5) at the
point x = x∗ in the form

0 = y(x∗) = y∗ + I1 + I2 , (6)

where

I1 :=
1

Γ(α)

∫ x∗−ε

0
(x∗ − t)α−1g(t, y(t))dt

and

I2 :=
1

Γ(α)

∫ x∗

x∗−ε
(x∗ − t)α−1g(t, y(t))dt.

Now we can estimate I1 and I2. Firstly, the Mean Value Theorem for
integrals implies that we may find ξ ∈ (x∗ − ε, x∗) such that

|I2| = |g(ξ, y(ξ))| 1
Γ(α)

∫ x∗

x∗−ε
(x∗ − t)α−1dt

= |g(ξ, y(ξ))− g(ξ, y(x∗))| 1
Γ(α + 1)

εα ≤ L|y(ξ)− y(x∗)| 1
Γ(α + 1)

εα

≤ LΩ
Γ(α + 1)

ε2α ≤ LΩ
Γ(α + 1)

[ε∗]2α ≤ LΩ
Γ(α + 1)

[M2(α)]2α = c2|y∗|.
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Moreover, if ε∗ > x∗ then ε = x∗ and hence I1 = 0. Otherwise, ε = ε∗ and
thus

|I1| ≤ 1
Γ(α)

∫ x∗

ε
tα−1|g(x∗ − t, y(x∗ − t))|dt

≤ εα−1

Γ(α)

∫ x∗

ε
|g(x∗ − t, y(x∗ − t))|dt

≤ εα−1

Γ(α)

∫ x∗

0
|g(x∗ − t, y(x∗ − t))|dt ≤ εα−1x∗‖g‖∞

Γ(α)

=
[ε∗]α−1x∗‖g‖∞

Γ(α)
≤ [M1(α)]α−1x∗‖g‖∞

Γ(α)
= c1|y∗|.

We conclude that

|I1 + I2| ≤ |I1|+ |I2| ≤ (c1 + c2)|y∗| < |y∗|.

On the other hand, eq. (6) implies I1 + I2 = −y∗, i.e.

|I1 + I2| = |y∗|

and we obtain the desired contradiction. Thus, our assumption that some
x∗ exists with y(x∗) = 0 must be false.

In the case of the hypotheses (a), (b), (c) and (e), we proceed in a similar
way. First of all we know from [1, Theorem 2.1] that assumption (e) implies
that y ∈ C1(0, x∗]. Hence, Ω := supx∗/2≤x≤x∗ |y′(x)| is a finite number. We
then choose two positive numbers c1 and c2 such that c1 + c2 < 1, define
M1(α) as above, and set

M2(α) :=
(

c2|y∗|Γ(α + 1)
ΩL

)1/(α+1)

.

It then turns out that M2(α) → c2|y∗|/(ΩL) > 0 as α → 0. Thus we may
once again conclude that there exists some ε∗ ∈ [M1(α),M2(α)] whenever
0 < α < α1 for some suitable α1 > 0. Moreover it is evident that

(
x∗

2

)α

‖g‖∞ ≤ c1|y∗|Γ(α)

for 0 < α < α2 with some α2 > 0 since the right-hand side tends to ∞ as
α → 0 whereas the left-hand side remains bounded. For α0 := min{α1, α2}
we then choose an arbitrary α ∈ (0, α0) and set ε := min{x∗/2, ε∗}. Then
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we may estimate I1 as above if ε∗ ≤ x∗/2 and see that I1 ≤ c1|y∗|. In the
other case, we proceed by writing

|I1| ≤ 1
Γ(α)

∫ x∗

x∗/2
tα−1|g(x∗ − t, y(x∗ − t))|dt

≤ (x∗/2)α−1

Γ(α)

∫ x∗

x∗/2
|g(x∗ − t, y(x∗ − t))|dt ≤ (x∗/2)α‖g‖∞

Γ(α)
≤ c1|y∗|.

For the bound for I2 we begin as above and see that

|I2| ≤ L|y(ξ)− y(x∗)| 1
Γ(α + 1)

εα.

We then continue in a slightly different way, using the Mean Value Theorem
of differential calculus, to derive

|I2| ≤ LΩ|ξ − x∗| 1
Γ(α + 1)

εα ≤ LΩ
1

Γ(α + 1)
εα+1

≤ LΩ
1

Γ(α + 1)
[ε∗]α+1 ≤ LΩ

1
Γ(α + 1)

[M2(α)]α+1 = c2|y∗|.

The final steps are then once again as in the first case.

Using the argumentation of the proof of Theorem 1.4, we can reformulate
Theorem 2.1 in terms of Caputo-type fractional differential equations.

Theorem 2.2. Let f : [0, b] × [c, d] → R be continuous and satisfy
a Lipschitz condition with respect to the second variable. Consider two
solutions y1 and y2 of the differential equation

Dα
∗0yj(x) = f(x, yj(x)) (j = 1, 2)

subject to the initial conditions yj(0) = yj0, respectively, where y10 6= y20.
Moreover, assume one of the following two conditions:

(a) There exist two constants c1, c2 > 0 such that c1 + c2 < 1 and c2|y20−
y10| ≥ LΩ where Ω is a positive constant that satisfies ω(y1− y2; h) ≤
Ωhα for all h.

(b) f ∈ C1([0, b]× [c, d]).

Then, there exists some α0 > 0 such that for all α ∈ (0, α0) and for all x
where both y1(x) and y2(x) exist, we have y1(x) 6= y2(x).
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